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ABSTRACT 


The use of superconductive dust as a core filler for inductive coils was investigated 
as a means of producing magnetically variable inductive elements. Both lead and 
niobium-filled cores were studied in static background magnetic fields. The observed 
inductance variations and the origin of alternating- current losses are discussed in rela- 
tion to their superconducting properties. 


SUPERCONDUCTIVE DUST CORES FOR INDUCTIVE ELEMENTS 
by Russell J. Jirberg 
Lewis Research Center 


SUMMARY 

The impedances of coils with superconductive dust cores composed of -325 mesh 
powders of lead and of niobium were measured in dc background magnetic fields. These 
tests demonstrate the ability of the dust cores to produce magnetically variable induc- 
tances suitable for high-frequency operation. 

The inductances vary in direct proportion to the normal volume within the cores. 
The field dependence is shown to be a result of the filamentary magnetic structure of the 
superconductors. Unique behavioral qualities of the two cores are related to the value 
of their Ginzburg- Landau k parameter. 

The resistive components of the impedances indicated the existence of two distinct 
"superconducting" alternating- current loss mechanisms. One is a joule heating by the 
shielding currents induced in the superconducting- normal matrix of the filamentary 
microstructure. The second (observed only in the niobium) is a hysteretic loss which 
occurs in type n superconductors subjected to alternating- current fields. Throughout 
the entire field range below H C 2 this loss is shown to vary directly with the cube of the 
modulating field and inversely with the critical current density, as is predicted by the 
Bean- London theory. 


INTRODUCTION 

The unique properties of the super conducting state have stimulated the development 
of many new types of electronic control and memory devices. The most notable develop- 
ment in this area must certainly be the cryotron. Other examples, however, would in- 
clude superconducting bolometers, transmission lines, microwave cavities, high Q 
resonant circuits, and variable inductance elements. 

Of the latter type several basic forms have evolved. In particular, Slade (ref. 1) 
described a variable inductance element using a solenoidal coil on a core of high perme- 
ability jacketed by a superconductive sheath. A background magnetic field is used to 



switch the superconductive jacket between its superconducting and normal states. As the 
jacket switches states the permeability of the total core changes between a perfectly 
diamagnetic state (or nearly so) to one of high permeability. The transition increases 
the ability of the core to contain the flux. Hence, the total magnetic energy in the core 
increases. The result is a step increase in the inductance of the coil. 

A similar device in thin film form was devised by Cassidy and Meyerhoff (ref. 2). 

In this instance the inductance of a strip conductor is controlled by the diamagnetic 
shielding of a nearby superconducting plane. Thin film construction was also used in a 
device called the ryotron described by Grange (ref. 3) and by Miller, et al. (ref. 4). In 
contrast with the Cassidy-Meyerhoff device which uses an externally generated magnetic 
field to drive the superconducting ground plane normal, the ryotron uses a current in the 
shielding element to effect the switching. 

Each of these devices is, of course, a variation on the same theme. In each the 
inductance is altered by the expulsion of magnetic flux from regions where it might other- 
wise exist. And each device functions essentially as a switch, ’’toggling" between its 
available states through the action of the control field or current. However, for each 
there exist limitations on its switching speed or maximum driving frequency. These 

arise in two ways. One is due to the large capacitive coupling between the coil and core. 
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The other is due to excessive I R losses of the eddy currents induced in the control ele- 
ments. Both are particularly serious effects in the Slade device with its sluglike metal 
core. 

These drawbacks aside, the use of superconducting materials to produce magneti- 
cally variable inductances remains an attractive concept. But to realize a useful induc- 
tive element for audiofrequencies or radiofrequencies requires that these detrimental ef- 
fects be reduced or eliminated. Inductance values appropriate to these frequencies range 
from microhenries to millihenries or higher - a range not readily attained by thin film 
techniques. Therefore, it would seem that the solenoidal coil adopted by Slade, or alter- 
natively a toroidal configuration, should be retained. The solution thus lies in the proper 
design of the core. 

Described herein is one approach to the problem. As in the Slade device, the induc- 
tance is varied by altering the magnetic shielding of core volume. But the shortcomings 
of the Slade device are avoided by distributing the superconductor throughout the core in 
a finely divided form in an insulating matrix. This is a ploy similar to the use of fer- 
rites rather than iron cores for ordinary radiofrequency coils. In operation, the super- 
conducting regions within the core electrically "remove" volume from the core. The 
result is a reduction in the capacity of the coil to store magnetic energy. Consequently, 
the inductance of the coil is reduced from the value it assumes with a totally permeating 
field. The extent of the reduction will be shown to depend directly on the fractional vol- 
ume of superconductor in the core. Between these extremes the inductance may be 
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varied by control of the ambient magnetic field. 

This report examines the behavior observed in two different cores, one filled with 
type I superconducting lead powder, the other with type II superconducting niobium pow- 
der. Emphasis is placed on relating the field dependence of the inductance and the losses 
to the structure of the superconducting state and to the nature of the field penetration. It 
is not the objective of this report to exhaustively study the device capabilities of a super- 
conductive duct core, variable inductance element. Rather the aim is to develop an 
understanding of the cores' responses based on the fundamental properties of supercon- 
ductors. In addition, limitations inherent to the dust cores, particularly as regards the 
alternating- current losses, are also sought. 


EXPERIMENTAL PROCEDURES 
Test Samples 

To understand how the cores function requires that the various factors affecting the 
impedance be isolated. Except under the most favorable circumstances, separating the 
effects of currents set up in the core and coil as well as nearby conducting surfaces is a 
formidable task. Necessarily then a coil-core configuration of the simplest geometry 
was chosen to facilitate the task. The inductance coils used in these tests consisted of 
single layer close-wound solenoids tightly wrapped around cylindrical cores. This type 
of coil is readily handled by standard inductance formulae supplemented with tabulated 
corrections for end effects and winding pitch (ref. 5). 

The cores were cylindrical slugs of commercially available micron-sized (-325 
mesh) superconductive metals dispersed in an epoxy matrix. The epoxy served both to 
insulate the metal particles one from another, and to bind them together. Surrounding, 
and coaxial with the coils, were placed copper cylindrical electrostatic shields. The 
shields, coils, and cores were mounted on a conventional UHF jack (type SO-239). This 
provided a convenient means of connecting to the coil assemblies and suspending them in 
the liquid helium and the magnetic field. Shown in figure 1 is the lead coil-core assembly 
with the shield removed. 


Cores 

The core samples were prepared from -325 mesh powders of 99.9999 percent purity 
lead and 99. 5 percent purity niobium. The particle sizes were measured with a compari- 
son microscope. Figures 2 and 3 indicate the size distribution of the two powders. The 
jagged shape of the individual particles is also shown in the photomicrograph inserts. 
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A commercially available epoxy was the dispersing medium. Its low viscosity (5 to 
7 P at room temperature) permitted the epoxy to be heavily and quickly loaded with the 
metal powders by a simple stirring action. To retain the low viscosity of the resin, di- 
ethylene triamine was used as the curing agent. The dispersions were molded in glass 
test tubes lightly greased with a silicone release agent. Air bubbles introduced by the 
stirring were removed by reducing the pressure above the epoxy. Upon curing, the sam- 
ples were cut into right circular cylinders with an abrasive saw and removed from their 
glass encasements. An unloaded epoxy sample was similarly prepared for use as a con- 
trol sample. 

The filling factors (i. e. , the ratio of powder volume to total core volume) were de- 
rived from their densities. Each is listed in table I along with the densities of the corre- 
sponding metal- epoxy composite and the unloaded epoxy. The lead-filled sample is 


TABLE I. - FILLING FACTORS OF TEST 


SAMPLE CORES 


Sample 

Sample 

Metal 

Epoxy 

Filling factor 


Specific gravity 


Pb-815 

5. 83 

11.35 

1. 17 

0.460 

Nb-815 

3. 56 

8. 589 

1. 17 

. 322 


designated as Pb-815, the niobium-filled one as Nb-815. Reported densities (refs. 6 
and 7) of the metals in the bulk were used in calculating the filling factors. Since the 
densities quoted by various sources vary by almost 2 percent, and since the actual den- 
sities of the metals used could not be determined, the filling factors may be in error by 
about 2 percent. 


Sample Colls and Shields 

A coil of 48 turns of number 34 gage enameled wire was centered on the lead-filled 
slug. The windings were close-wound and tightly wrapped onto the slug and secured in 
place with clear epoxy. The slug extended roughly 1 diameter beyond each end of the 
coil. After preliminary inductance measurements, a cylindrical copper shield (0.25 mm 
wall thickness) was affixed to the supporting UHF connector. The need for such a shield 
arose in order that conducting surfaces in close proximity to the coils be of high conduc- 
tivity so as not to resistively load the coils. Without it the thin silver heat shield of the 
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Dewar in which the coils were immersed during testing would have loaded the coils too 
heavily. The size of the shield was dictated by the limited space available in the testing 
Dewar. The shield had a diameter roughly twice that of the coil, and extended approxi- 
mately two coil diameters beyond each end of the coil. Holes in the shield near the con- 
nector allowed a free flow of liquid helium around the coil and core. 

The construction of the niobium-filled sample was identical with one exception. The 
coil, 20 ^ turns of number 24 gage Nyclad copper wire, was made self-supporting. This 
enabled the core to be slipped in and out of the coil without distorting it. This capability 
aided in isolating the various sources of the radiofrequency losses, a point that will be 
discussed later. 

The pertinent parameters for both samples are listed in table n. The unshielded 


TABLE n. - TEST COIL PARAMETERS 


Parameter 

Sample 


Pb-815 

Nb-815 

Diameter of coil, d w , cm 

0. 843 

0. 873 

Diameter of insulated wire, cm 

0.0175 

0. 0554 

Diameter of bare wire, cm 

0.0160 

0.0503 

Axial length of coil, l , cm 

0.853 

1.11 

Number of turns, N 

48 

20. 5 

Diameter of shield, d g , cm 

1.71 

1.71 

Diameter of core, cm 

0. 826 

0.818 

Unshielded inductance, pH: 



Calculated 

12.9 

2.02 

Measured 

13.0 

2.03 

Mutual coupling coefficient: 



Calculated 

0. 137 

0. 165 

Measured 

0. 136 

0. 158 

Shielded inductance, pH: 



Calculated 

11.1 

1.68 

Measured 

11.2 

1.71 


inductances were calculated using formulae for the inductance of an equivalent current 
sheet, including corrections for end effects and finite winding pitch. This is a standard 
procedure outlined in many texts including an especially comprehensive one by Grover 
(ref. 5). The shielded inductances were calculated using the coefficient of mutual cou- 
pling determined from a semiempirical relation developed by Bogle (ref. 8). Room tem- 
perature measurements of both the unshielded and the shielded inductances are in good 
agreement with the calculated values. The details of the measurement technique are 
given in the next section. 
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Impedance Measuring Techniques 


As already indicated, the principal function of the superconducting dust is to dia- 
magnetically shield portions of the core. But equally important is the response of the 
core particles to the ac field while in the normally conducting state. To realize the 
greatest variation of inductance between the totally normal and the totally superconduct- 
ing states, the core particles must appear to be magnetically "transparent" while in the 
normal state. This is in contrast to their being magnetically "opaque" while in the 
superconducting state. Transparency, in the sense that the ac magnetic field is insig- 
nificantly attenuated within the particles, prevails when the particles are small in com- 
parison with the skin depth. The opposite situation, opacity, prevails when the particles 
are large compared to the skin depth. In that case, the oscillatory field is essentially 
locked out of all but the surface. Therefore, in order that the ac field effectively pene- 
trate the particles in the normal state, the frequency must be kept below that at which 
the skin depth approaches the size of the particle. 

With this restriction in mind the selection of a testing frequency was based on the 
conductivity and dimensions of the particles to be tested. For the -325 mesh niobium 
powder, 3588 kilohertz could be used from 300 to 4. 2 K. For the -325 mesh lead powder, 
however, this frequency resulted in an unfavorable skin depth to particle size ratio at 
4.2 K to the higher resistivity ratio of the lead. The measurements of the lead-filled 
sample at 4. 2 K were thus restricted to 10 kilohertz to accommodate its higher conduc- 
tivity. Hence, in both cases the radiofrequency skin depths were made to be far greater 
than the largest particle diameter; an effective test of the superconductive influence of 
the core particles is thereby assured. 


High-Frequency Apparatus 

At 3588 kilohertz the equivalent parallel reactive and resistive impedance compo- 
nents were simultaneously extracted using a radiofrequency impedance bridge. As 
schematically indicated in figure 4, the coil assembly was suspended in the liquid helium 
Dewar and connected to the bridge through a coaxial transmission line (RG-63/U). In 
order to take full advantage of the accuracy of the bridge, the frequency of the oscillator 
was continually monitored with the counter and maintained constant. (Frequency varied 
by less than 0. 003 percent. ) The communications receiver served as a null detector for 
the bridge. By displaying the audio beat frequency generated in the receiver on an oscil- 
loscope, the null balance condition could be determined with great sensitivity. 

The background magnetic field was supplied by a conventional iron core electro- 
magnet. The field could be set to within 0. 2 percent of a desired value and was uniform 
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to within 10 parts per million over the core region. A provision for reversal of the field 
permitted the samples to be examined for possible flux trapping effects. 

Since it was necessary to locate the sample coil away from the bridge (~1 m), its 
impedance is perturbed by the intervening coaxial cable. The actual impedance compo- 
nents may be calculated from those seen at the bridge by a procedure outlined in appen- 
dix A. The treatment shows that a knowledge of only the shorted and the open-ended im- 
pedances of the transmission line at the test frequency is needed to correct for the effect 
of the transmission line. 

By supplying the bridge with a source of constant amplitude radiofrequency voltage, 
the impedance under test is subjected to a likewise constant amplitude driving voltage. 
With high Q (i. e. , low loss) impedances as measured in these tests, this forces the am- 
plitude of the driving current to vary inversely with the inductive component of the imped- 
ance since it is by far the dominant component. Consequently, the radiofrequency field 
varies inversely with the inductance. In these tests the niobium-filled core was subjected 

— fi — 

to a radiofrequency field of between 0. 7x10 and 1. 1x10 tesla (7 and 11 mG) in ampli- 
tude. 


10 Kilohertz Apparatus 

The measurements made at 10 kilohertz differed from those mentioned previously 
in that a bridge with a self-contained oscillator and detector was used. A 10-kilohertz 
current, derived from the oscillator and constant in amplitude to within 1 percent, was 
cabled to the sample coil through a length of RG-174/U coaxial line. The voltage devel- 
oped across the sample coil was returned to the bridge through a separate coaxial cable. 
The resistive and inductive components of the impedance were obtained from the corre- 
sponding verniers of the bridge balance controls. (The bridge is calibrated in terms of 
the effective series resistance and inductance of the unknown to within an accuracy of 
0. 25 percent.) Impedance components obtained from the dial readings were corrected 
for the influence of the coaxial cable and connector by prezeroing the bridge with the 
sample coil assembly replaced by a shorting plug. 

With a 5-milliampere amplitude current driving the sample coil, the alternating- 

— fi 

current field produced in the core was approximately 35x10 tesla (350 mG). Since in 
this case the driving current was constant in amplitude, the ac field thereby generated 
was also constant. 

As in the tests on the niobium sample, the background field was transverse to the 
coil axis. In both cases, data was obtained in both increasing and decreasing field se- 
quences. 
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RESULTS AND DISCUSSION 


Displayed in figures 5 and 6 are the field dependent impedances of the two sample 
coils. Each shows a general rise of the inductance with increasing field strength. The 
specific manner, however, in which the inductances vary with the applied field is differ- 
ent. Also different are the power losses as reflected by the resistive components. In 
the discussion that follows, the bases for these behaviors and the differences between 
them will be shown to originate in the nature of the field penetration peculiar to the two 
types of superconductors. 

Basic to a discussion of these results is a recognition of the fact that an external 
magnetic field will, in general, permeate a superconducting body. Only fields that do 
not exceed a value set by the demagnetizing coefficient of the body and its critical field 
are shielded from its interior. Otherwise, the field penetrates the body forming a mag- 
netic substructure within. Depending on the class of material (type I or type n super- 
conductor), one of two types of structures is formed. 

In a type I superconductor a laminar or sponge structure of normally conducting re- 
gions imbedded in the superconducting regions occurs. The field penetrates the body by 
threading through the normal regions. This is the ’ 'intermediate" state. On the other 
hand, a type II superconductor assumes a very fine structured state of normal filaments 
within a superconducting matrix. Here the field penetration takes place on the flux quan- 
tum level. This is the "mixed” state. 

In either case, an increase in the external field causes a growth in size or number 
of the normal filaments at the expense of the superconducting component. It is on the 
basis of the formation of this magnetic microstructure that the superconducting particles 
of the dust cores can, in part, support an ac flux. The general inductance rise with 
field strength follows directly from the increase in normal regions within the core par- 
ticles. Moreover, every feature of the cores' responses can be consistently explained 
within the framework of these magnetic substructure models. 


Superconducting Filling Factor 

That the essential features of the impedance components are consequences of super- 
conducting filamentary structures can indeed be demonstrated. To that end, it is useful 
to develop first a relation between the coil inductance and a somewhat artificial quantity 
termed the effective superconducting filling factor. The filling factor is defined as the 
ratio of superconducting volume to total volume in the core. It thereby specifies the 
fractional volume of the core that experiences perfect diamagnetic shielding. Since the 
test frequencies were chosen so that the normal skin depths were well in excess of the 
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particle sizes, diamagnetic shielding via normal eddy currents is feeble. Effectively, 
then only supercurrent shielding has any relevance. The filling factor thus may be ob- 
tained from the inductance on the basis of their interrelation through the shielding. 
Basically, the inductance of a coil is defined through an energy expression as 


L = 


2W m 

I 2 


( 1 ) 


where W m is the magnetic energy of the field generated by the current I in the coil. 
In turn, the magnetic energy may be expressed in terms of the field by the volume in- 
tegral 


W m=f-( B ' HdV < 2 > 

where H is the magnetizing force and B is the resulting flux density. Thus, it is 
easily seen that those regions where B = 0 by virtue of perfect diamagnetic shielding 
contribute nothing to the inductance. In the superconductive dust cores, then, that vol- 
ume occupied by actual superconducting material is, in effect, removed from the core. 
Accordingly, the inductance is reduced. By applying a background field of sufficient 
strength to bring the superconductive material into either the intermediate state (for a 
type I) or the mixed state (for a type II), the superconducting filling factor may be varied. 
The background field serves to control that volume which contributes to the inductance. 

With the particles being so small and uniformly distributed throughout the core, the 
overall distortion of the ac flux lines in the core is slight. Essentially, one can con- 
sider the ac flux modified only to the extent that its total quantity is reduced in propor- 
tion to the superconducting filling factor. The coil inductance may thus be written as 


V CT ) = V 0)(1 " CT) (3) 

Here, o is the field-dependent effective superconducting filling factor, and L w (0) is the 
intrinsic inductance of the coil when <y = 0. 

The shielding by the core particles affects not only the inductance of the coil, but 
also the extent to which the surrounding shield perturbs the impedance of the coil- shield 
combination. Currents induced in the shield are, in general, out of phase with the driv- 
ing current in the coil. The phase shift is determined by the conducting properties of 
the shield. The effect of an induced current in the shield is both to reduce the apparent 
inductance of the coil, and to impose an additional component on the resistive or loss 
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term. Hence, impedance measurements made on a shielded coil require appropriate 
consideration of the influence of the shield. 

Since the coil and shield are inductively coupled, the combination resembles a 
transformer with a shorted single turn secondary. An analysis of the shielded coil can 
thus be made based on the equivalent circuit for such a shorted transformer. The details 
of the analysis are given in appendix B. Presented in figures 5(a) and 6(a) are the induc- 
tances of the sample assemblies with the modifying influence of the coaxial cable removed 
as described in appendix A. From these inductance values, the superconducting filling 
factors of figures 5(c) and 6(c) were calculated as described in appendix B. 

In the high field limit the measured inductances are in agreement with values derived 
solely from the coil geometries (see table n). The calculations assume a core perme- 
ability equal to that of vacuum. This indicates that radiofrequency shielding by the nor- 
mal state core particles is truly negligible at these frequencies. At low background 
fields the inductances are reduced in direct correspondence to the actual fractional super- 
conductive volume in the core: The values of a obtained from the inductance curves at 
H = 0 (i. e. , the totally superconducting state) are in excellent agreement with the volu- 
metrically determined values (see table I, p. 4). Hence, as proposed, the essential role 
of the superconductor is one of varying the inductance of the coil by "removal” of volume 
from within the core. 

Beyond this point of common behavior, the two samples differ markedly. The be- 
havior of each, however, can be understood in terms of the properties of its class of 
superconductor. In this regard, the chief distinction is the manner in which the field 
penetrates the superconductor. 


Lead Core 

Lead, being a type I superconductor, completes its transition to the normal state in 
an increasing background field at 0. 054 tesla (540 G), the bulk critical field at 4. 2 K. 
The saturation of the inductance at 0. 054 tesla (see fig. 5(a)) demonstrates this fact. 

The inductance does not, however, change abruptly at the bulk critical field. Instead, 
there is a gradual rise in inductance preceding the final transition. The effect is due to 
the formation of the intermediate state. This is seen as follows. 

In each powder particle the background field induces the intermediate state at a 
field value dependent on the demagnetizing coefficient of the particle. Due to the jagged 
shape of the particles the intermediate state undoubtedly is induced throughout the sam- 
ple at very low values of the field. Since the field penetrates in the intermediate state 
forming some sort of filamentary structure, the core becomes a myriad of multiply 
connected superconducting regions at fields far below the bulk critical field. 

These regions constitute a network capable of supporting lossless circumferential 
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shielding currents. As such they prohibit the penetration of the ac field into the parti- 
cles. Upon raising the dc field, though, more and more normal regions are accommo- 
dated into the structure, and the superconducting network approaches a critical point. 

At this point the multiply connected supercurrent network begins to dissolve. Those 
segments of the superconducting network perpendicular to the dc field are the weak 
links in the network since the critical current density is lowest for their orientation. 

As the last of these segments are driven normal, the superconducting network that 
supports the circumferential shielding currents is broken, and the ac field begins to 
penetrate the particle. It is significant that the first penetration of the ac field (as indi- 
cated by the first change of inductance) occurs at a dc field value equal to one-half that 
of the bulk critical field. Apparently, the crucial segments of the superconducting net- 
work had been reduced essentially to cylindrical filaments prior to the ac field penetra- 
tion. (The demagnetizing coefficient for a cylinder with its axis at right angles to the 
field direction (ref. 9) has the value 0. 5. ) 

The dissolution of the multiply connected aspect of the particles is also marked by 
increased power dissipation in the sample. This is reflected by a rise in the resistive 
component of the impedance. At low fields, where the shielding currents in the core 
particles are totally superconducted, the only significant power losses occur in the coil 
windings and in the copper shield. The power loss, therefore, is constant until the net- 
work supporting the supercurrents begins to dissipate. Thereafter, the shielding cur- 
rents are driven in part through normally resistive regions. As the dc field is further 
increased, the average resistivity to eddy currents in the partially superconducting 
material rises, and a rise in the resistive impedance component occurs. This increase 
in power dissipation continues until the ac flux nears saturation. Then, as the last re- 
maining superconducting regions are driven normal, the further increases in the aver- 
age resistivity serve to decrease the eddy currents. This, in turn, causes a decrease 
in the power dissipation. The power dissipation thus reaches a maximum and subse- 
quently drops to a value determined by the resistivity of the totally normal metal. The 
broad peak observed in the resistance component shown in figure 5(b) stems from just 
such a penetration of ac flux into a medium of variable conductivity. Because of the 
complex interplay of currents in the sample assembly, it was not possible to determine 
a functional dependence of the resistance on field. Qualitatively, however, the behavior 
is understandable. 

A rather unusual feature of the lead-filled sample is its different responses to in- 
creasing and decreasing dc fields. This hysteresis- like behavior results from the 
formation of a metastable surface state. St. James and deGennes (ref. 10) theorized 
that the normal phase in a superconductive body may supercool (in a field sense) below 
the thermodynamic critical field H c to H^: 
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( 4 ) 


H c3 = C\6 kH c 

where k is the Ginsburg- Landau parameter. The coefficient C allows for the variation 
of H c g with the angle of incidence between the field and the surface; C varies monoton- 
ically from 1. 695 for the parallel situation to 1 for the field normal to the surface. 

Originally, it was held that at H c3 the superconducting phase nucleates on the sur- 
face of the body and immediately spreads throughout its bulk. Recently, however, Feder 
(ref. 11), Park (ref. 12), and McEvoy, et al. (ref. 13) have shown for materials with k 
between 0. 406 and 0. 595 that, although the superconducting phase nucleates at H c3 , the 

surface sheath actually supercools to a field H_, where H c < H„, before a first-order 

s sc 

transition to the Meissner state occurs. Only for materials with k< 0.406 is H g = H c g. 
For k between 0. 595 and 0. 707, the transition to the superconducting state occurs at 
H c< Above 0. 707, of course, is the realm of type II superconductivity. 

The fact that the inductance attains its maximum value (indicating complete ac flux 
penetration) in an increasing dc field at precisely the bulk critical field value assures 
that H c3 < H c for this lead. It can thus be argued that the field to which the lead 
actually supercools is indeed H c3> Furthermore, it can be shown that the degree of 
supercooling is in accordance with the known k value for lead. This can be done as 
follows. 

The applied dc field at which a given segment of the superconducting network under- 
goes the phase transition is determined by its demagnetizing coefficient. This is dic- 
tated by its shape and orientation in the field. The first filaments to suffer the transi- 
tion are seen to be those with demagnetizing coefficients of very nearly 0.5. The last 
to make the transition are those with zero demagnetizing coefficient. With the coeffi- 
cient equal to zero, the applied field is uniformly parallel to the surface of the segment. 
In that case, the applied field at the point of transition is exactly equal to the critical 
field. Therefore, taking 0.051 tesla as the supercooling field H g as evident in figure 
5(a), the supercooling field ratio H g /H c is 0.95. According to reference 13 this as- 
sures H c3 = H g = 0.051 tesla (510 G). 

That being the case, one can calculate k from the expression for H c3 given by 
equation (4). Recalling the coefficient C to be 1. 695 when the applied field is parallel 
to the surface, one obtains k = 0.39. By comparison, Strongin, et al. (ref. 14) claim 
K = 0. 38±0. 05 for pure lead at 4. 2 K. 

As the field is decreased below 0. 051 tesla, the superconducting state still nucleates 
in a region at a local field value of H c3 , but in an applied field reduced by the demagne- 
tizing coefficient of the region. Thus, the response of the sample in decreasing dc 
fields lags that in increasing fields until total shielding is once again restored at one- 
half of the bulk critical field. 

Reducing the applied dc field to zero and raising it again in a reversed sense gave 
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no indication of flux trapping. The sample's response was the same for either direction. 
Modulating the applied field about some field value where the ac flux partially penetrates 
the particles causes the inductance and resistance to trace out minor hysteresis- like 
loops. Each vaies within an envelope established by the response curves shown in 
figure 5. 


Niobium Core 

For the niobium-filled sample (fig. 6) the ac field penetrates the core over virtually 
the entire field range up to 1.4 tesla where the last vestiges of superconductivity vanish. 
It can do so through the formation of flux vortices inherent to type II superconductivity. 

A more or less gradual rise in inductance thereby results as the flux density within the 
core particles builds. Only at very low fields is the inductance unaffected by changes 
in the dc field. Here the behavior stems basically from the same mechanism as that 
encountered in the lead-filled sample. 

Briefly, the irregular shape of the particles causes the dc field to penetrate at ap- 
plied fields well below the lower critical field H c j, the limit for the Meissner state in 
type II materials. The particles thus assume a multiply connected structure as visual- 
ized for the lead sample. And as previously discussed, the particles experience total 
shielding from the ac field only so long as the eddy currents are wholly superconducted. 
The departure of the inductance curve from its zero field base line near 0.03 tesla 
marks the onset of ac field penetration. As will be shown, this coincides with the cri- 
terion for breakdown of the superconducting network at 0. 5 H^. 

A value of 0. 058 tesla (580 G) for H c j can be established on the basis of the 
Ginzburg- Landau k value derived from the inductance curve. To do this, identify the 
abrupt change in the inductance just above 0. 8 tesla with the transition of the bulk to the 
normal state at the upper critical field H^. Then, using a value of 0. 155 tesla (ref. 15) 
for the thermodynamic critical field at 4. 2 K, and taking H c 2 = 0. 83 tesla, calculate 

H 0 

K = — = 3.8 (5) 

V2 H c 

Alternately, the saturation of the conductance and/or inductance at 1. 4 tesla may be 
identified with the surface critical field H c g. Then one might calculate k using equa- 
tion (4). The two results are consistent. 

Thus, having obtained a credible value for k, it is possible to stipulate a value for 
H cl* However, one must be careful to recognize that the often quoted relation 
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K 


( 6 ) 



V~2 


(In k + 0. 08) 


applies only to type II materials with k well above 1. In contrast to the situation for 
high k materials, the magnetic energy contained in the core of a low k material cannot 
be neglected. Harden and Arp (ref. 16) have determined, by computer calculation, the 
ratio H c j/H c to within 1 percent for an arbitrary k . Using their result that H c j/H c = 
0. 371 for k = 3.8, the 0. 058 tesla figure for H ^ follows directly. 

In summary then, the three distinct field regions of the inductance curve are directly 
related to the size of the Ginzburg- Landau k parameter. These regions are (1) the 
initial total shielding region, extending to 0. 5 H c p (2) the intermediate region, extending 
to H c 2 , in which the flux penetration builds to nearly total saturation; and (3) the region 
between H c2 and wherein only slight shielding exists via surface superconductivity. 

The loss component of the impedance is reflected in the shunting conductance shown 
in figure 6(b). The rationale for presenting the loss in terms of a conductance is based 
on the fact that the test coil is driven by a constant voltage source. Hence, the shunting 
conductance is directly proportional to the power loss (1/R = P/V ). In this way, the 
relative magnitudes of the various power losses in the core and in the copper windings 
and shield can be readily assessed. 

Traditionally, attempts to describe the alternating-current losses in type n super- 
conductors (refs. 17 to 21) have conformed, in general, to searches for the appropriate 
exponent in expressions of the form P = H n . These attempts have had only isolated suc- 
cess in limited field regions. One attempt, more fundamentally based, adequately ex- 
plains the field-dependent power loss in this sample. Based on the premise that a local 
variation in the field stimulates a local supercurrent at a density equal to the intrinsic 
critical current density J C (H), Bean (ref. 22) and London (ref. 23) formulated a theory 
for the alternating- current loss in type H superconductors. They argued that if the local 
current density induced by an increasing magnetic field is limited to J c (H), the field 
would progressively penetrate the bulk of the superconductor. As the shielding by super- 
currents near the surface fails to screen the field, more and more of the superconductor 
is driven to carry shielding currents at the critical current density. When the applied 
field is subsequently reduced to zero, the superconductor retains a remnant flux from 
these super currents. By reversing the applied field and continuing it through a complete 
cycle, it can be shown that the superconductor traces a complete hysteresis loop. 

If the amplitude of the ac field is sufficiently small so as not to totally penetrate the 
superconductor, and if the critical current density can be considered constant within the 
cycle, then a simple loss expression results. The energy loss per cycle, corresponding 
to the area of the hysteresis loop, is of the form 
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J 



P = K 


(?) 



J C (H) 


The quantity K is a constant which depends on the specific shape of the superconductor 
(i. e. , the core particles in these tests), and H m is the amplitude of the ac field. 

Since the ac fields used in these tests were extremely small, the approximation that 
J C (H) is constant throughout a cycle is valid. 

To examine the superconducting loss in the niobium- filled core in terms of this 
theory requires that it first be isolated from the total power loss. Because of the com- 
plex interplay of the currents in the core, the shield, and the coil, this may be done only 
to a fair approximation. However, the approximations can be justified, and the result 
shows that the losses are in agreement with the Bean- London theory throughout the entire 
field region below H^. 

The primary dissipative sources in the coil-shield combination chosen for these test 
samples are fourfold. There is first the resistive I 2 R loss in the coil by the radiofre- 
quency exciting current. Secondly, there is a resistive loss in the copper shield due to 
eddy currents induced therein. Third, there is a loss from the eddy currents induced in 
nonsuper conducting regions in the core particles; though this effect is small when the 
particles are small in comparison with the radiofrequency skin depth, nonetheless, it 
cannot be neglected. The fourth source of loss is that associated with the hysteresis in 
the superconducting regions of the core particles. 

As developed in appendix B, each of these four sources can be expressed in terms 
of an equivalent shunting conductance. The measured conductance is the sum of these 
various conductances: 



Contained in the bracketed term are the copper losses of the coil windings and of the 
shield. The losses originating within the core (i. e. , the normal rf skin loss and the 
superconducting loss) are listed separately as 1/R and 1/R respectively. To 

extract the super conducting alternating- current loss from the total loss requires a know- 
ledge of the other dissipative sources and how they vary with field. This is made diffi- 
cult by the fact that it is not possible to make separate measurements of either the coil 
winding resistance R^ nor of the shield resistance R g . Any such attempt significantly 
distorts the current distributions within both the winding and the shield from those which 
would otherwise exist. The resistance of each element is an integrated effect dependent 
on the current distribution in that element. Thus, it is necessary to make measurements 
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keeping the shield in place around the coil. Table HI lists a series of conductance mea- 
surements made both with the niobium core in place and with it removed. These mea- 
surements permit one to separate the contributions to the total power loss by the various 
dissipative sources. 


TABLE m. - SHUNTING CONDUCTANCE OF NIOBIUM 


SAMPLE COIL ASSEMBLY AT 4. 2 K 



Magnetic 

Apparent loss 


field, 

1 / R app’ 

1 

H, 

jumho 


T 


Shielded coil, core removed 

1.4 

204 

Shielded coil, with core 

1.4 

237 


0 

420 


The technique here is to realize that the superconducting loss is zero both above 
1. 4 tesla and at H = 0. Above 1. 4 tesla, of course, the core is totally normal. At 
H = 0 the critical current density J (H) becomes extraordinarily large. Hence, with 

V 

the power loss proportional to 1/J (H) according to the Bean- London theory, the loss 
vanishes here too. Then, from the conductances measured at 1. 4 tesla (a = 0) both with 
and without the core (i. e. , 237 and 204 jumho, respectively), the normal radiofrequency 
loss for total radiofrequency field penetration may be obtained directly as their differ- 
ence, 33 jumho. These figures together with the sample conductance of 420 /imho mea- 
sured at zero field where both 1/R gc = 0 and l/R norm = 0 provide sufficient informa- 
tion to calculate the winding and shield resistance terms. Lumping the field independent 
quantities with R^ and R g as constants a^ and ag gives the total core loss as 


R core< H > R app< H > 


L“„„ (H) 
app' ' 


' a l + a 2 


1 - cr(H)1 2 ] 

1 - cct(H)J J 


(9) 


2 2 

where a^ = 385 /imho-/j.H , ag = 128 jumho-juH , and a(H) is the superconducting 
filling factor of figure 6(c). The parameter c is determined by that fraction of radio- 
frequency flux, generated inside the shield by shield currents which actually links the 
coil (see appendix B); c = 0. 247 for the configuration used in the test sample. The total 
core loss curve shown in figure 7 was constructed using this expression. 

In the same figure is a curve for the loss from the normal radiofrequency eddy cur- 
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rents in the core. The assumption is made that the normal radiofrequency power loss 
may be expressed as the product of an average resistivity, an effective eddy current den- 
sity, and the normal fraction of core volume: 

P norm< H > = ’ J®] < 10 > 

The resistivity of the particles to the normal radiofrequency currents is included in the 
constant. The eddy current density can be shown, through its relation to the radiofre- 
quency field, to be directly proportional to the radiofrequency coil current. And since 
the impedance of the sample is almost entirely reactive, the coil current and thus 
Jnorm var y inversely with the apparent sample inductance L app . The radiofrequency 
power can, therefore, be approximated by 

p norm< H > = Constart x ~ — [» ' ^1 <H> 

L 2 (H) L or (°)j 
app v ; 

Normalizing this equation by the power loss measured at 1. 4 tesla and expressing the 
result as an equivalent shunting conductance, one obtains 

1 = 1 L app^’ 4 T) L _ o(H)l (12) 

\orm® ^norm^' ^ T) L 2 pp (H) L 

The normal radiofrequency curve of figure 7 was plotted using this expression. The 
difference in conductance between the two curves in figure 7 is then the conductance 
1/R (H) representing the superconducting loss. 

It remains only to relate the field dependency of the superconducting loss to the 
critical current density J (H). On the basis of the Bean- London theory, the specific 
power loss (loss per unit volume of superconductor) is of the form H^/J c . Thus, the 
superconductive loss may be approximated by 


H 3 

PoJH) = Constant X — — CT (m (13) 

SC J C (H) 

where H m is the radiofrequency field amplitude averaged over the core volume. Since 
the radiofrequency is proportional to the coil current and, as previously argued, thereby 
inversely proportional to the sample inductance, the superconductive loss may be written 
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R sc® 


= Constant x 


ct(H) 


L app( H ) J cW 


(14) 


The use of this expression requires a knowledge of the critical current density 
J (H). A reliable measurement of J (H) for the powder particles was not possible. 
However, there is such data available on niobium with a similar k (ref. 24). Using 
that data, a comparison of the observed loss against the functional form of equation (14) 
is possible. Shown in figure 8 is a logarithmic cross plot of the quantity 

O 

L" (H)/R (H)a(H) against the published data for J (H). The entire field range up to 

£ipp sc c 

H c2 Bean- London theory) is covered. The fit of the data to the straight 

line with a slope approximately equal to -1 is in agreement with the theory. 

As the applied field is raised to the upper critical field H^, the core enters a re- 
gion of rapidly changing conductivity as the filamentary structure of the superconducting 
mixed state is destroyed. Simultaneously, the ac field is seen to approach nearly com- 
plete penetration. That this condition gives rise to a peak in the power dissipation was 
discussed in conjunction with the lead-filled sample. The mechanism is basically the 
same in both cases. The two cases differ only in that superconducting regions can exist 
in a niobium particle above at its surface. Complete penetration of the field is, 

therefore, retarded. The field region over which the power loss exists extends to an 
applied field of magnitude H c g. As for the lead, a functional dependence of the loss 
term on field could not be found due to the complexity of the system. 

No hysteresis effect was observed in the response of the niobium-filled sample to 
dc fields sequenced in opposite directions. The absence of any such effect is in con- 
trast to the hysteresis seen in the lead-filled sample. It is, however, reasonable that 
the niobium would show no such effect. Nucleation of the superconducting state occur- 
ring at the surface at H c g is initiated well above the bulk critical field H^. Thus, 
it matters not to the response from which direction a particular field is approached; 
the propagation of the superconducting state throughout the bulk never suffers a lack of 
nucleation since H c g > H^. 

Hysteresis might have been expected on the basis of the irreversibility in the mag- 
netization for which cold worked type II superconductors are notorious. However, it has 
been observed repeatedly that the ac susceptibility is not simply the field derivative of 
the magnetization dM/dH (refs. 25 and 26) (i. e. , the slope of the dc magnetization 
curve). Instead, it is observed that the superconductor responds in a nearly perfect 
diamagnetic and reversible fashion to small field excursions (refs. 27 and 28). Hitch- 
cock (ref. 15) showed how a pseudoreversible magnetization curve could, in fact, be 
generated through recognition of this fact. Similarly, the response of the superconduct- 
ing regions in the core particles to the small radiofrequency field is also a locally re- 
versible diamagnetic response. 
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CONCLUDING REMARKS 

This work is a preliminary investigation of the capabilities and limitations of super- 
conductive dust cores. One of its aims was to determine to what extent the dust cores 
affect the impedance of an inductive coil. The other was to develop an understanding of 
the mechanisms involved. 

The results show that the superconducting regions in the core shield those regions 
in a perfectly diamagnetic fashion from the small ac field. In addition, they show that 
the inductance is governed directly by the percentage of superconducting material in 
the core. Conceivably then, one could achieve any desired ratio of inductances by 
properly adjusting the filling factor. This might also include the distribution of super- 
conducting particles throughout the windings of a multilayer coil. 

The alternating-current losses in the core represent the most serious limitation. 
Aside from the normal eddy current losses, there are significant losses associated with 
the superconducted currents. The "superconducting” loss is seen to originate in two 
distinct ways. One way, common to both classes of superconductors, is through the 
shielding currents being driven in part through normally conducting regions. These 
losses are greatest as the inductance approaches saturation. The second loss mecha- 
nism is unique to the mixed state of type n superconductors. The loss here arises from 
a small hysteretic response to the ac field. It is related to the dc critical current 
density throughout the entire field region below the upper critical field, as theorized 
by Bean and London. 

The resistive losses from normal eddy currents can be kept to a minimum. Only at 
frequencies where the skin depth is smaller than the particle sizes do the losses assume 
overwhelming proportions. The allowable particle sizes for a particular application are 
thus limited by the intended upper frequency. 

As regards the total behavior of both core types, the magnitude of the Ginzburg- 
Landau parameter k is crucial. In the lead-filled sample, the hysteresis-like response 
is directly related to the fact that k is 0. 39, permitting "supercooling” to occur. In 
the niobium-filled sample, k relates the three fields at which the inductance (1) begins 
^ to increase, (2) approaches saturation, and (3) finally attains saturation, to the three 

critical fields H cl , H^, and H c g. 
t 

Lewis Research Center, 

National Aeronautics and Space Administration, 

Cleveland, Ohio, January 6, 1969, 

129-02-05-10-22. 
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APPENDIX A 


MEASUREMENT OF IMPEDANCES THROUGH TRANSMISSION LINES 

For a variety of reasons, testing of circuit elements or devices may require that 
they be remotely located during the test. For example, the test may require special 
environmental conditions. In these instances one must allow for the perturbing effect 
of the interconnecting transmission line on the measurement. 

Frequently, the assumption is made that the line can be replaced by a pi or tee 
equivalent representation. Unfortunately, this can generate a significant error. Also, 
ignoring the finite attenuation of the line can generate a sizable error. It is possible, 
however, to deal totally and exactly with the perturbing effect of an arbitrary length of 
transmission line (losses included). It simply requires noting the apparent line imped- 
ances with the unknown element replaced (1) with an open circuit then (2) with a short 
circuit. 

This technique is based on the following. An unknown impedance Z x mounted at 
one end of a transmission line is seen at the opposite end of the line as an apparent im- 
pedance Z x (sketch a): 



i 


• — 9 £ 4 - 

Z 0 , VZY 


(a) 


The two are related by (ref. 29): 


Z f = Z 
x o 


— ^coshVzY l + sinhVzY l 

&/ 

cosh VzY l + (— \ sinhVzY l 

V 


(Al) 


Z Q is the characteristic impedance of the line, VzY is the propagation constant (which 
includes line losses), and l is the length of the line. With the line open-circuited 
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(i. e. , Z = Z = °°), the impedance seen at the other end of the line is 

^ Op 



tanhVzY 


With a short-circuited load (i. e. , Z x = Zg^ = 0), the observed impedance is 

Z sh = Z o tanh VzY l 


(A2) 


(A3) 


The transformed impedance of an unknown load can thus be expressed in terms of the 
observable open- and short-circuit impedances: 


Z x + Z sh 
Z x = 

1 + 


(A 4) 


kZ' 

opy 


Alternately, the actual impedance of the unknown can be extracted as 


Z x = 


Z’ - Z\ 
x sh 

Z I 

^ Z op> 


(A 5) 


The convention adopted herein is to label all quantities measured at the accessible end 
of the transmission line with a prime; the actual impedances at the remote end are un- 
primed. 

For low-loss elements it is often more convenient to think in terms of equivalent 
admittances. In this frame of reference, equation (A 5) can be restated as 


ar 



(A6) 
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In an actual measurement, Z' x , Z^ p , and Z^ h are specified by their equivalent shunting 
conductances and inductances as 


1 - 1 J 1 


z ; k ^ 


(A7) 


z ; P r ; p 


1 -j 1 


wL. 


op 


(A8) 


1 1 -j 1 


z ; h R ; h ' wL ; h 


(A9) 


It is easily shown that the ratio Z^/Z^ has a magnitude 


Z sh 

L ; h 

i + i 

-1/2 

1+ 1 

z ; 


. (Q sl/ 


<q;i 2 _ 


1/2 


(A10) 


and has a phase angle 6 given by 


9 = tan 


-1 / Q sh ~ Ox 
k* + ^sh^x/ 


(All) 


where the quality factors and for the unknown and short-circuited lines, re- 

spectively, are defined according to 



and 



R’ 


sh 


coL' 


sh 


(A12) 


(A 13) 
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For low-loss elements and line (Q^) » 1 and (Qg h ) » 1. 
admittance of the unknown load thus reduces to 


The expression for the 





je 


(A 14) 


Thus, the individual shunting inductance and conductance are obtained as 


(1 


1-20 cos 9 + a‘ 


jS)(l - a cos 9) - — (1 - y)a sin 8 

<4 


(A 15) 


and 



i (1 - y)(l - a cos 0) + Q' (1 - /3)a sin 9 
R x 1 - 2cv cos 9 + a 2 


The parameters a, /3, and 


y are defined as 


a 




T * 


y 

r 



(A16) 


(A 17) 


(A 18) 


23 


APPENDIX B 


ANALYSIS OF SHIELDED COILS WITH VARIABLE CORES 

Conceptually, an inductive coil inside an electrostatic shield is like a transformer 
with a shorted single turn secondary. The coil behaves as the primary, the shield as 
the secondary. Between the two exists a mutual inductive coupling. Thus, an analysis 
of the shielded coil can be made on the basis of its similarity to the shorted transformer. 

By analogy then, the coil, as represented in sketch b, is an inductance in se- 
ries with a winding resistance of R^. The shield is represented as an inductance L g 

with an effective resistance R . Inductive coupling between the coil and shield is indi- 

s 

cated by a mutual inductance M. A shunting resistance R £ was included across the 
coil’s terminals to account for losses originating in the core. 



It is readily shown that the shield reduces the inductance of the coil to an effective 
value 



o 

The mutual coupling coefficient k is 



(B2) 
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as 


and the quality factor of the shield Q„ is defined at the angular frequency o> 

s 

o>L 

Q q = (B3) 

s R. 


The shield also effectively raises the series resistance to 



Accordingly, the Q of the shielded coil is degraded to 


Q eff ~ 


coL eff 

R eff 


(B4) 


(B5) 


Up to this point the core losses represented by R c have been neglected. To in- 
clude them it is convenient to first express the effective inductance and resistance of 
the shielded coil in terms of their equivalent parallel components. Then the total im- 
pedance of the shielded coil (including core losses) is an apparent inductance 


(B6) 


shunted by an apparent conductance 


1 ,11 
R app R c R eff 

one would not deliberately operate the coil at a frequency at which it 
Rather, one would ensure that the impedance was predominantly reac- 
Qeff ant * Qs are sufficientl y l ar e e 1° a H° w simplifying approximations 


Ordinarily, 
would be lossy, 
tive. Then both 
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in equations (B6) and (B7). The resulting error is negligible. After some algebraic 
manipulations the apparent inductance and shunting conductance become 


and 


( L app) 


V 1 - k > 


Qeff» 1 

«s»l 


R 


app 


^eff >:>1 

Q 2 s »1 


Rc (- L a PP ) 2 



(B8) 


(B9) 


Now, with a core of variable susceptibility, the several quantities in these expres- 
sions become field dependent. Unfortunately, field induced variations in the supercon- 
ducting filling factor not only affect the inductance and conductance, but also the induc- 
tive and resistive loading of the coil by the shield. This arises through the changes in 
the inductive coupling between the coil and shield. However, through the flux-related 
definition for inductance, the field dependence can be formulated in terms of the super- 
conducting filling factor. In what follows, the flux referred to is understood to be only 
that ac component generated in the axial direction of the coil. 

The self- inductance of the coil may be expressed in terms of the superconduct- 

ing filling factor as 


K = 


d<? w ( g ) 

9I w 


^ w (0) 


ai 


W 


(1 - a) = 1^(0) (1 - a) 


(BIO) 


where 11^(0) is the self- inductance with a totally normal core (i. e. , or = 0). Similarly, 
the mutual inductance M may be expressed as 


M = N 


9 ^ w (° r ) 

01 


= N- 


3^(0) 


w 

01, 


(1 - o) = M(0)(1 - a) 


(Bll) 


where M(0) is the mutual inductance existing with a totally normal core and N is the 
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number of turns in the coil. Finally, the self- inductance of the shield may be expressed 
as the sum of two components, one dependent on a, the other independent of a: 


L s = 


01 


= — r, w (o) + ^'1 = mm (i - o ) +^~ 

01 L w J N 01 


(B12) 


Here, <^ w (cr) is the flux contained within the coil, and cp' is the flux produced in the 
space between the shield and the coil. The field independent component is a constant 
which can be evaluated as 


' = L (0) - MM 


01, 


N 


(B13) 


Therefore, the mutual coupling coefficient k , as given by equation (B2), becomes 


k 2 = 


]Vr(0)(l - cr) 


V°) • L sM 


_ M(0) 
NL g (0) 


(B14) 


Using the definitions for M(0) and L o (0) as given in equations (Bll) and (B12), it 

o 

is readily apparent that the quantity 


9<P W (°) 

M(0) _ 9I s _ c 
NLg(O) d<p s ( 0) 


(B15) 


is a constant for a given coil- shield combination. Its value specifies the fraction of the 
flux generated within the shield by shield currents that exists inside the totally normal 
core. The mutual coupling coefficient can thus be written as 


k 


2 




(B16) 
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where 


k^, defined according to 


k 2 _ M 2 (0) 

° V 0 > L s<°> 


(B17) 


is its value for a totally normal core. Therefore, it follows that the apparent induc- 
tance of the shielded coil containing the magnetically variable core is 


( L app) 2 = ^ (0,(1 ' 4 " k fe) 


< ^eff» 1 

Qq»1 


(B18) 


and the shunting conductance is 


>R 


app, 


Qeff» 1 

Qs» 1 


R, 


(" L ap/ 


r 

-1 

<*w +R s 

M 2 (0) 

Ls<°>. 



(B19) 


It remains only to evaluate the constant c in these expressions. This may be done 

by separately evaluating the mutual inductance M(0) and the shield inductance L (0), 

s 

and then using those values to calculate the constant c according to equation (B 15). The 
mutual inductance between the coil and the shield is similar to that developed between 
two coaxial cylindrical current sheets. The outer current sheet corresponds to the in- 
duced shield current, and is assumed to have the same axial length as the inner current 
sheet representing the coil. This is a reasonable assumption since the eddy currents 
are induced essentially only in the immediate vicinity of the coil. Thus, based on an 
equation given by Grover (ref. 5, p. 128), the mutual inductance M(0) may be calculated 
using 


M(0)|>H] = 0. 0005 7T ( -2L ) Nd jcm] 

l w 


1 + 


' 2 1 


w 


B 1 ' B 2 


(B20) 
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where B ^ and Bg are tabulated functions (ref. 5, pp. 124-126) dependent upon the 
dimensions of the coil and shield. 

The self- inductance of the shield may be obtained as that of a cylindrical current 
sheet having the same diameter as the shield and with a length equal to that of the coil. 
From an equation given by Grover (ref. 5, p. 143), 


L g (0)[juH] - 0.002 jrd g [cm] 



1 

2 


(B21) 


Listed in table IV are the values for the constant c calculated using these expres- 

o 

sions. As a check on these computations, k calculated using M(0), L o (0), and the 

O n S 

measured values of 1^(0) are listed for comparison with k^ derived from the empiri- 
cal expression of Bogle (ref. 8). Also listed are values for k^ obtained from the 
actual measurements of the shielded and unshielded coils. The agreement among the 
variously determined values lends credence to the calculated values for c. 


TABLE IV. - INDUCTIVELY RELATED PARAMETERS 


OF SAMPLE COILS 


Parameter 

Sample 

Pb-815 

Nb-815 

Mutual inductance, M(0), by eq. (B20), /iH 

0. 172 

0.0713 

Shielded inductance, L g (0), by eq. (B21), /iH 

0.0169 

0.0141 

Constant, c - M (0) 

0.212 

0.247 

nl s (0) 



2 

Normal mutual coupling coefficient, k Q : 



By eq. (B17) 

0.135 

0. 178 

By empirical calculation 

0.137 

0. 166 

By direct measurement 

0.136 

0.157 
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Figure 1. - Lead coil-core assembly with shield removed. 



Figure 2. - Particle size distribution of lead dust. 
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Figure 3. - Particle size distribution of niobium dust. 
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^ Core under test 

Figure 4. - Coil and core as tested at 3588 kilohertz. 
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(b) Series resistance. 
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Figure 5. -Magnetic field properties of lead-filled sample. Temperature, 4.2 K; fre 
quency, 10 kilohertz. 
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Figure 6. - Magnetic field properties of niobium-filled sample. Temperature, 
4. 2 K; frequency, 3588 kilohertz. 
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Figure 7. - Losses in Niobium -filled core. Temperature, 4.2 K; frequency, 
3588 kilohertz. 



re 8. - Specific power loss in niobium-filled core according to Bean-London 
heory. 
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